We construct graphs with n vertices of maximum degree 5 whose every straight-line drawing in the plane uses edges of at least n 1/6−o(1) distinct slopes.
Define a "frame" graph F on the vertex set {1, . . . , n} by connecting vertex 1 to 2 by an edge and connecting every i > 2 to i − 1 and i − 2. Adding a perfect matching M between these n points, we obtain a graph G M := F ∪ M . The number of different matchings is at least (n/3) n/2 . Let G denote the huge graph obtained by taking the union of disjoint copies of all G M . Clearly, the maximum degree of the vertices of G is five. Suppose that G can be drawn using at most S slopes, and fix such a drawing.
For every edge ij ∈ M , label the points in G M corresponding to i and j by the slope of ij in the drawing. Furthermore, label each frame edge ij (|i − j| ≤ 2) by its slope. Notice that no two components of G receive the same labeling. Indeed, up to translation and scaling, the labeling of the edges uniquely determines the positions of the points representing the vertices of G M . Then the labeling of the vertices uniquely determines the edges belonging to M . Therefore, the number of different possible labelings, which is * Supported by NSF grant CCR-0514079 and grants from NSA, PSC-CUNY, Hungarian Research Foundation, and BSF S |F |+n < S 3n , is an upper bound for the number of components of G. On the other hand, we have seen that the number of components (matchings) is at least (n/3) n/2 . Thus, for any S we obtain a contradiction, provided that n is sufficiently large. 2
With some extra care one can refine this argument to obtain Theorem. For any d ≥ 5, there exist graphs G with n vertices of maximum degree d, whose slope numbers satisfy sl(G) ≥ n 1 2
Proof. Now instead of a matching, we add to the frame F in every possible way a (d − 4)-regular graph R on the vertex set {1, . . . , n}. Thus, we obtain at least (cn/d)
different graphs G R := F ∪ R, each having maximum degree at most d (here c > 0 is a constant; see e.g. [BC78] ). Suppose that each G R can be drawn using S slopes σ 1 < . . . < σ S . Now we cannot insist that these slopes are the same for all G R , therefore, these numbers will be regarded as variables.
Fix a graph G R = F ∪ R and one of its drawings with the above properties, in which vertex 1 is mapped into the origin and vertex 2 is mapped into a point whose x-coordinate is 1. Label every edge belonging to F by the symbol σ k representing its slope. Furthermore, label each vertex j with a (d − 4)-tuple of the σ k s: with the symbols corresponding to the slopes of the d − 4 edges incident to j in R (with possible repetition). Clearly, the total number of possible labelings of the frame edges and vertices is at most S |F |+(d−4)n < S (d−2)n . Now the labeling itself does not necessarily identify the graph G R , because we do not know the actual values of the slopes σ k .
However, we can show that the number of different G R s that receive the same labeling cannot be too large. To prove this, first notice that for a fixed labeling of the edges of the frame, the coordinates of every vertex i can be expressed as the ratio of two polynomials of degree at most n in the variables σ 1 , . . . , σ S . Indeed, let σ(ij) denote the label of ij ∈ F and let x(i) and y(i) denote the coordinates of vertex i. Since, by assumption, we have x(1) = y(1) = 0 and x(2) = 1, we can conclude that y(2) = σ(12). We have the following equations for the coordinates of 3:
Solving them, we obtain
and so on. In particular,
, for suitable polynomials Q i and Q i of degree at most i − 1. Moreover, Q j is a multiple of Q i for all j > i.
Since
we can decide whether the image of i is to the left of the image of j > i, to the right of it, or they have the same x-coordinate, provided that we know the "sign pattern" of the the electronic journal of combinatorics 12 (2005), #R00
− Q j and Q j , i.e., we know which of them are positive, negative, or zero. Now if we also know that σ k is one of the labels associated with vertex i, the condition that the line connecting i and j has slope σ k can be rewritten as
that is, as a polynomial equation P ijk (σ 1 , . . . , σ S ) of degree at most 2n. For a fixed labeling of the frame edges and vertices, there are d − 4 labels k associated with a vertex i, so that the number of these polynomials P ijk is at most (d − 4)n(n − 1). Thus, together with the n 2 + n polynomials P ij and Q j , we have fewer than dn 2 polynomials, each of degree at most 2n.
Observe that, for any fixed labeling, the sign pattern of these polynomials uniquely determines the graph G R . (Observe that if the label of a vertex i is a (d − 4)-tuple containing the symbol σ k , then from the sign pattern of the above polynomials we can reconstruct the sequence of all vertices that belong to the line of slope σ k passing through i, from left to right. From this sequence, we can select all elements whose label contains σ k , and determine all edges of R along this line.)
To conclude the proof, we need the Thom-Milnor theorem [BPR03] : Given N polynomials in S ≤ N variables, each of degree at most 2n, the number of sign patterns determined by them is at most (CN n/S) S , for a suitable constant C > 0. In our case, the number of graphs G R is at most the number of labelings (< S (d−2)n ) multiplied by the maximum number of sign patterns of the above < dn 2 polynomials. By the Thom-Milnor theorem, this latter quantity is smaller than (Cdn 3 ) S . Thus, the number of G R s is at most S 
